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Introduction. A geometrically ruled surface, or simply a ruled sur- 
face, is a P 1 -bundle over a smooth curve X of genus g > 0. It will be denoted by 
7r : S = P(£n) — ► X, where £ is the associated normalized locally free sheaf of 
f— ^ . rank 2. Let Xq be the minimum self-intersection curve of the ruled surface. Let 

""^ ' H ~ Xq + bf, b € Div(A) be an unisecant divisor such that the complete linear 

^3 . system \H\ provides a regular morphism cf>H : P(£o) — > R C V N , n = dim(|JJ|). 

We call R a linearly normal scroll. We refer to g] for a systematic development 
of the projective theory of scrolls and ruled surfaces. 

We define the speciality of a scroll R as the superabundance of \H\; that is, 
i(R) = s{O s (H)) = h^OsiH)). The scroll R is called special if i(R) > 0. If 
W C P™ is a subspace and tt w : R- (WtlR) — > R' C P™' is the projection of R 
from WnR, it is well known that i(R')-i(R) = deg(WnR)-(dim((WnR))+l), 
(see ||, §5), and the speciality of R grows exactly the number of unassigned 
base points in the linear system of hyperplane sections containing W (~l R. 

In the case of curves, the Riemann-Roch Theorem gives a nice geometrically 
interpretation of the speciality of a nonhyperelliptic curve. Any linearly normal 
special curve C is the projection of a canonical curve C/c from a set of points 
A. The canonical curve Ck, is projectively normal and it has speciality 1. The 
speciality of C is deg(A) — dim({A)). 
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In this paper we prove the existence of canonical scrolls; that is, the existence 
of scrolls playing the role of canonical curves and, in particular, providing the 
geometrical version of Riemann-Roch Theorem for ruled surfaces. Moreover, we 
prove that in general they are projectively normal when the base curve is not 
hyperelliptic. 

Note that the study of special scrolls is equivalent to the study of special 
locally free sheaves of rank 2 over a smooth curve. The projection of a scroll 
corresponds to the elementary transformation of a locally free sheaf of rank 2 
(see ||, §4 and ||, §1). In this way we will prove the existence of locally free 
sheaves of rank 2 and speciality 1 such that any special locally free sheaf of rank 
2 is obtained from them by elementary transformations. 

The start point is a nice result mentioned by C. Segre in finl: if R C P n 
is a linearly normal scroll and C C R is a bisecant curve which has not double 
points out of the singular locus of R, then C is linearly normal and the speciality 
of C is equal to the speciality of R. We call C a proper bisecant curve. 

This theorem suggests the definition of canonical scroll: Let X be a smooth 
curve of genus g > and let C be a smooth curve of genus 7r such that there 
exists an involution 7 : C — ► X; that is, a finite morphism of degree 2. Let 
us suppose that C is not hyperelliptic and it has genus 7r > 3. Let ip^ : C — > 
Cic C P 71-1 the canonical map. Then Cic is a bisecant curve in the scroll 
S = U 2 ,gx(7~ 1 ( :z; ))- By Segre's result, S has speciality 1 and it contains a 
canonical curve as a proper bisecant curve. We call S a canonical scroll. 

Note that the existence of canonical scrolls is related to the existence of 
canonical curves having an involution or finite morphism of degree 2,7:6* — ► 
X. The results in §5 about the projective normality of the canonical scroll will 
allow to give a nice characterization of the ideal of these canonical curves in |3j . 

The paper is organized in the following way: 

In §1, we study the double covers of a smooth variety. We see how we can 
build a double cover 7 : C — ► X of a smooth variety X. We characterize when 
the variety C is smooth. Moreover we study the ruled variety generated by the 
involution on C . Although we will apply these results to the case of curves 
we will work over smooth varieties of arbitrary dimension to give them more 
generality. 

In §2, we use the results of the first section to prove the Segre Theorem and 
give the geometrical model of the canonical scrolls. Given a nonspecial divisor b 
of degree 7r — 1 = deg(b) > 2<? — 2, we call canonical geometrically ruled surface 
to the ruled surface P(£rJ, £^ — Ox © Ox(IC — b), such that the generic curve 
C of 1 2Xi I is smooth. When the curve C is nonhyperelliptic the image of P(£l.) 
by the map defined by the linear system |Xo + bf\ is a canonical scroll. From 
this, we conclude that any special scroll has a special directrix curve. This 



last result was proved by Segre in Q with a condition over the degree of the 
scroll. Furthermore, in this section we see how a ruled surface is transformed 
by projecting from a point of a bisecant curve. 

In §3, we study when the smooth curve C € |2Xi| is not hyperelliptic and 
the complete linear system defined by H ~ Xq + bf ~ X\ + JCf is basc-point- 
free. This clarifies the equivalence between both concepts: canonical scroll 
and canonical geometrically ruled surface. Furthermore, we characterize the 
hyperelliptic double cover of smooth curves. 

In §4 we prove the existence of canonical geometrically ruled surfaces over a 
smooth curve X of genus g > 1. 



First of all, Proposition 2.3 characterizes the nonspecial divisors b such that 
P(£l.) is canonical. Such divisors satisfy the semicontinuity property that: if 
P € X is a base point of the linear system |2(b — /C)|, P is not a base point of 
|2(b— K)— P\. Then for any nonspecial divisor b such that deg(2b) > 6(g— 1)+1, 
the geometrically ruled surface P(£u) is canonical. The proof of the existence 
is reduced to the range deg(b) < 3(5 — 1). 

In the range A: 5(g — 1) < deg(2b) < 6(g — 1); if b is a generic nonspecial 
divisor, then P(£j.) is a canonical ruled surface, \Xi\ consists of a unique curve 
and 2(b — /C) is nonspecial. Moreover if b and P G X are generic in the range 
5(g — 1) + 1 < deg(2b) < 6(5 — 1); the elementary transformation of P(£u) at 
the point Xl (~l Pf is the general canonical ruled surface P(£u p ) m the case 
deg(b)-l. 



In the range B: 4(<?— 1) < deg(2b) < 5(g—l); Proposition 2.3 implies that the 
linear system |2(b — K.)\ consists of a unique divisor formed by different points, 
and b cannot be a generic nonspecial divisor. Moreover, if a := deg(2(b — /C)), 
let Z a = {b e X b /P(£fo ) is canonical} C X b . For a < g — 1, if b £ Z a is generic, 
2b — 2/C ~ P\ + . ■ -+P a , where all Pi are different. Then, P(£c.) is the elementary 
transformation of P(£ & p ) but, since 2b+2P-2/C - Pi+. . .+P a +2P, P{£^ p ) 
is not canonical. That is; in range B, the generic component corresponding to 
canonical geometrically ruled surfaces in case deg(b) does not dominate the 
generic component in the case deg(b) — 1. 

This result makes interesting to classify canonical geometrically ruled sur- 
faces in range B. By the existence theorem this classification is equivalent to 
the existence of nonspecial curves that are not projectively generic, see Remark 



4.1. We hope to study their geometrical characterization and classification in a 



future paper. 

Finally, in §5 we study the analogous of Noethcr Theorem about the pro- 



jective normality of the canonical scrolls. Theorem 5.11 says that the canonical 



scroll R is projectively normal iff the directrix curves Xq and X-y are projec- 



tively normal. Moreover, the speciality respect to hypersurfaces of degree m of 
R is the sum of the corresponding specialities respect to hypersurfaces of degree 
m of the two minimal directrix curves Xq and X\ (except when m > 3, and 
g = 2, deg(b) = 3 or g = 3, deg(b) = 4). 

Therefore, in the hyperelliptic case, the canonical scroll is not projectively 
normal because Noether Theorem for canonical curves; but in the nonhyper- 
clliptic case R is projectively normal iff the nonspecial directrix X^ is pro- 
jectively normal. In particular, if deg(b) > 2g + 1, Castelnuovo-Mumford 
Lemma allows to assert that the canonical scroll is projectively normal. In 
cases deg(b) = 1g + 1 — k, k = 1,2,3, the results due to Green-Lazarsfeld H 



conclude Theorem 5.16 about the projective normality of the canonical scroll. 



We thanks Lawrence Ein by his interest on this work during his visit to our 
Department on November, 2001. 



1 Double covers of a smooth variety. 

Definition 1.1 Let C,X be smooth varieties. Let 7 : C — > X be a surjective 
finite 2 : 1 map. We say that 7 is a double cover of X . 

Let £ be a locally free sheaf of rank 2 over a smooth variety X. Let it : 
V = P(£) — ► X the corresponding ruled variety and H the hyperplane section 
such that O(l) = Ov(H). The fibers of 7r are isomorphic to P 1 . We say that a 
divisor C on V is a bisecant divisor if C.tt^ 1 (x) = 2. 

Proposition 1.2 Let j : C — ► V be a nonsingular bisecant irreducible divisor 
in V . Let 7 : C — ► X be the map 7 = p o j . Then £ = j^OciH), j*Ov(H) = 
O c {H) and H l (£) S H l (O c (H)), for i>0. 

Proof: Consider the exact sequence: 

— » O v (H -C) — ► O v {H) — ► j*O c {H) — > 
Taking 7r*, we have: 

— >n*O v (H-C) — ► tt*O v (H) — ► n*3*Oc(H) — ► V}^O v {E - C) 

Let x G X and let V x = P 1 be the fiber of it over x. Then: 

h l (V x , O v (H - C)\ V J = h\0 P x{-l)) = when * > 



By the Theorem of Grauert ([§,111,12.9), Wk*Gv{H. - C) = when i > and 
then: 

£ = tt*O v (H) £ n*j*O c {H) = 7 *Oc(ff) 

Furthermore, the fiber of 7 has dimension so h l (C x ,Oc(H)) — when i > 
and 1l l ^Oc{H) = 0. By (@,III,Ex 8.1), it follows that H l (O c {H)) = 
H l { ltf Oc{H)) for alH>0. 

Proposition 1.3 Let 7 : C — ► X be a double cover of X . Let £q = j*Oc, 
then: 

1. £q is a locally free sheaf on X of rank 2. From this, it : P(£o) — > X is a 
geometrically ruled variety. 

2. S a is decomposable. Moreover, £ = O x @ O x (E)/E £ Div(X). 

3. There is a closed immersion j : C — > ~P{£q) verifying 7T o j = 7. 

Proof: 

1. Since 7 is a 2 : 1 finite morphism: 

dim k{x) H (C x ,O Cx ) = 2 

is constant on X. By Theorem of Grauert (||, III, 12. 9), £q = "f*Ox is 
locally free on X of rank 2 and 7r : P(£o) — ► X is a geometrically ruled 
variety. 

2. There is a natural map: 

7 # : Ox — 7*0 C 

Because 7 is dominant, 7^ is injective. Let C = Coker(-f#). At any point 
1 £ I, we know that dim(Ox <8> &(#)) = 1 and dim(j*Oc <S> &(#)) = 2. 
Since 7^ is injective, dim(C <g> fc(x)) = 1 so C is an invertible sheaf on X . 

Thus, we have the following exact sequence: 

— » Ox — > 7 *0 C — » £ — » 

We build a retraction : 7* 0c — ► Ox of 7*. Let U be an open set of 
X and V = 7~ 1 (£ / )- Given cr e O c (V) we define: 

0(J7)(ej)(a:) = -(cj{yi) + <j{y 2 )) with 7 - 1 (x) = {j/i,y 2 } 

We see that <f> o 7* = Id, so </) is a retraction, the sequence is split exact 
and £ = Ox ® C is decomposable. 



3. We have the natural surjective morphism 7*7*0c — ► Oc- By Propo- 
sition 7.2, P|, this is equivalent to have a map j : C — ► P(£o) verifying 
7r o j = 7. We have to prove that it is a closed immersion. It is sufficient 
to check it in each fibre. But, the fibres are the two points over each point 
of X and Oc is very ample on these points. ■ 

Remark 1.4 The decomposable ruled variety has two canonical sections cor- 
responding to the surjections: 

O x ®O x (E)—>O x (E)-^0 

O x (SOx(E)^O x ^0 

We will denote them by Xq and X\ respectively. Moreover, X\ ~ Xq — tt*E. ■ 



Theorem 1.5 Let 7 : C — ► X be a double cover. Let £ = ^^loc- Then: 

1. £ *£ u x ® O x {B) S 7*0 C <8> Ox(B), with B ~ K x - E. From this, 
P(£) = P(fo). 

2. C~2X X inP{£). 

3. KLc ~ 7*B and E is a divisor verifying —IE ~ /3, where [3 is the branch 
divisor of 7. 

Proof: 



1. By the Proposition 1.3 we know that 7*0c is the locally free sheaf £q — 
Ox®O x {E). 

By duality: 

7*wc = Hom(-y*0 Cl u>x) — ("/*O c )* ®ux — 

2. C is a bisecant variety on V = P(£), that is, meets each fibre at two 
points. Then Oy(C) = Oc{2X ) © 7T*(£), where £ is an invertible sheaf 

onl. 

We use the adjunction formula: 

u) C = <jJ V ® Oy(C) <8> O c 

We know that u v = O v {-2X ) ® tt*(w x ® O x (E)). From this, w c S 
O c ® tt*(wx <8> O x (E) ® £). Applying 7* we have: 

7*w c = 1 *{Oc®k*{ujx®Ox{E)®C))^ 
= ^O c ®uj x ® Ox (E) ® L 



(i 



We saw that 7»w c = l*O c ® O x (K x - E), so C = O x (-2E) and the 
conclusion follows. 

3. We have seen that 

uj c = O c ® n*(cj x ® O x {-E)) 

then, we have that K,c ~ l*fc X — J*E. On the other hand we know that 
K-c — l*K-x + R, where R is the ramification divisor of 7. From this, 
applying 7, we obtain that (3 ~ 7*R ~ — 7*7*£' ~ — 2E 1 , where /3 is the 
branch divisor of 7. 



Let it :V = ~P(£) — > X a decomposable ruled variety over a smooth variety 
X, such that £ = O x © O x (E), with i? 7^ 0. Let us fix a unisecant irreducible 
divisor X± G |Xo — 7r*-E|. We have a unique nontrivial involution ip : V — ► V 
fixing the divisors Xq and X\ . The unique base points of the involution are the 
points of Xq and X\. Moreover the generators are invariant by ip. 

Lemma 1.6 The unique unisecant irreducible divisors of V that are invariant 
by if are Xq and X\ . 

Proof: Let D be an irreducible unisecant divisor such that it is invariant by ip. 
Since the generators are invariant by ip and D meets each generator at a unique 
point, D must be fixed. But the unique base points of the involution arc in Xq 
and X\ . ■ 

The involution ip induces an involution on the linear system \D\ of V . We 
will denote it by p\ D \ : \D\ — > \D\. 

Lemma 1.7 Let D ~ Xq + n*A an unisecant divisor on V. Then \D\ has 
exactly two spaces of base points by the involution P\d\ : 

W„ = {X a + tt*C/C - A} 
W x = {Xi + tt*C/C - A + E} 

Proof: The spaces Wo and W\ are spaces of base points, because their divisors 
are composed by invariant varieties (Xq, X\ and generators). 

Since dim(|L>|) = h a (O x (A)) + h°(O x (A + E)), they are of complementary 
dimension. Thus either P\d\ is the identity or they are exactly the spaces of 
base points. 



But by Lemma 1.6 the unique invariant unisecant irreducible divisors are 



Xq or Xi; so, if <p\o\ — id, Wo = \D\ or W\ — \D\ and the conclusion follows. 



Proposition 1.8 The linear system \2X\\ has exactly two spaces of fixed divi- 
sors by the involution <p: 

F a = (F ', 2Xx), where F^ = {2X + n*f3/(3 ~ -2E} 

F x = {X Q + X X + n*C/C ~ -E} 

Proof: The spaces Fq and F\ are spaces of fixed divisors. Let I? be a divisor 
of F . D is in the pencil obtained joining Fq with 2X\\ that is, D <E (2X + 
ir* /3, 2X X ) = L, with (3 ~ -IE. 

The divisors of L are bisecant divisors. The base points of these family of 
divisors are the points of (3 C X\. Thus, the pencil L defines an involution in 
the generic generator Pf of 5* which relates points in the same generator which 
lie in the same bisecant divisor of L. 

This involution has two fixed points Xo n Pf and X\ n Pf. If we consider 
the trace of L C H°(Os(2Xi)) on the generic generator H°(Opi (2)), the image 
is the pencil generated by the polynomials {xq,^}, corresponding to the two 
fixed points. Any other polynomial Xxq + \xx\ of the pencil corresponds to two 
different points. From this, the involution defined by the pencil L is nontrivial. 

On the other hand, we have the restriction of the involution ip to the gener- 
ator Pf. This involution have the same two fixed points. Because tp is not the 
identity, both involutions coincide and all bisecant divisors of L are invariant 

by ip. 

We know that dim(|2Xi|) = h°{O x (-E)) + h°(O x (-2E)), dim(F ) = 
h°(O x (-2E)) and dim(Fi) = h°(O x (-E)) - 1. The involution ^ 2Xl | either 
has two fixed spaces of complementary dimension or is the identity. The spaces 
Fq and F\ are invariant and they have complementary dimension. 

If V\2X t \ is the identity, the restriction to \2Xj_ — X\\ and \2X — X \ is the 



identity too. By Lemma 1.7, this happens when h°(Ox(—E)) = and in this 
case Ft = 0. ■ 

Lemma 1.9 Let [3 be a divisor of X\ such that [3 ~ —2E. Let L be the pen- 
cil (2Xo + 7r*/3, 2X\). If the generic divisor of this pencil is smooth then is 
irreducible. 

Proof: Note that the base points of the pencil are exactly in j3 C X\ . 

Let D £ L such that D ^ 2X + n* (3 and D ^ 2X X . 

Suppose that D = Y + n*A such that A is an effective divisor on X. Then 
the pencil would have base points on A C Xq and this is false. 

From this, if D is reducible it must be D — D\ + D^ with Di ~ Xo + ir*Ai, 
A\ + A2 ~ — 2E two unisecant irreducible divisors. Then D1.D2 ~ — E is an 
effective divisor on X. Since E 7^ 0, L>i meets D 2 and D is not smooth. ■ 



Theorem 1.10 Let (3 be a divisor of Xi such that (3 ~ — 2E. Then, there 
is a pencil of bisecant divisors in \2X\\ which are invariant by the involution 
and meet X\ at (3. Moreover the generic divisor of the pencil is irreducible and 
smooth if and only if (3 is smooth. 



Proof: By the Proposition 1.8, we only have to prove that the generic curve of 



the pencil L = (2Xq + vr*/3, 2Xi) is irreducible and smooth. 

By Bertini's Theorem the generic element of the pencil is smooth away from 
the base locus. The base locus of the pencil are the points of the divisor (3 on 
X\, Let D be the generic divisor of L. We saw that if D is smooth then it is 
irreducible. 

If D has a singular point, then D.X\ = (3 must have a singular point. 

On the contrary, suppose that D is smooth, and let x £ (3 be a base point of 
the pencil. If we consider the trace of the pencil over the generator 7r _1 (x), we 
see that any divisor of the pencil meets tt~ 1 (x) at x with multiplicity 2. Since D 
is smooth, D is tangent to the generator tt _1 (x) and it meets X\ transversally. 
From this, x is a smooth point of R. ■ 

Remark 1.11 We have excluded the case E ~ 0. Consider the ruled variety 
P(Ox © Ox)- The linear system \X%\ = \Xq\ is a pencil of irreducible unisecant 
varieties isomorphic to X. Then, all the divisors of the linear system |2Xl| are 
reducible pairs D\ + D2 with Di ~ Xq. In fact this case corresponds to the 
trivial cover of X by two copies of itself: 7 : X U X — > X. ■ 



2 Canonical scrolls and canonical geometrically 
ruled surfaces. 

Let 7r : P(£o) — > X be a geometrically ruled surface over a smooth curve X of 
genus g > 0. Let H ~ X + bf be a unisecant divisor such that the complete 
linear system \H\ provides a birational morphism tpu : P(£o) — * & C P™, 
dim(|_ff |) = n. The study of the scroll S is equivalent to study the polarized 
geometrically ruled surface (P(£q), Op(£ ^(H)) and equivalent to the study of 
the locally free sheaf £ = 7r*0p(£ o )(iJ) over X. 



Applying the Proposition L2 to the case of curves we recover the following 



result due to Corrado Segre and mentioned in the introduction. 



Theorem 2.1 Let (P(£o),Opt£ \(H)) be the polarized geometrically ruled sur- 
face (P(£o), Oprg \(H)). If C ~ 2Xo + bf is a bisecant curve, then: 

H (O P{£a) (H)) ~ H°(Oc(H)); H 1 {O P{£o) {H)) ~ H\O c (H)) 



By using this result we can give the following definition. 

Definition 2.2 Lef X ie a smooth curve of genus g > and ?ei C be a non- 
hyperelliptic smooth curve of genus ir > 4. Lei Ck C P 71 " -1 i/ie canonical model 
of C. Suppose that C has an involution over X. Then we call canonical scroll 
to the variety obtained joining the points of Ck related by the involution. 

In a similar way, from the results obtained in the section above we can give 
the following definition. 

Proposition-Definition 2.3 Given a smooth curve X of genus g and a geo- 
metrically ruled surface ir : P(£) — ► X the following conditions are equivalent: 

1. There is a smooth irreducible bisecant curve on P(£), j '■ C — ► P(£), 
such that P(£) = P(7*Oc); where 7 = 7r o j. 

2. There is a smooth irreducible curve C and a double cover 7 : C ► X 

such that P(£) = P(7*0 C ). 

3. P(£) = P(Ox © Ox(IC — b)) where b is a nonspecial divisor of degree 
deg(b) > 2g — 2 and the generic element C £ |2-X"i| is smooth. 

4- P(£) — ~P(Ox © Ox()C — b)) where b is a nonspecial divisor of degree 
deg(b) > 2g — 2 and 2(b — JC) is a smooth divisor. 

A geometrically ruled surfaced verifying any of these conditions is called a 
canonical geometrically ruled surface. We will denote it by Si. = P(£f,) where 
£u — Ox © Ox(IC — b) and b is a nonspecial divisor of degree deg(b) > 2g — 2 
verifying that 2(b — /C) is a smooth divisor. 

Thus, a canonical scroll R is the image by the complete linear system \H\ = 
\Xq + bf\ of a canonical geometrically ruled surface P(£t), where the bisecant 
curve C G |2Xi| is not hyperelliptic. In the next section, we will see that in 
this case the linear system \H\ is base-point-free and it defines a birational map. 
From this we have the following geometrical description of a canonical scroll: 
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Theorem 2.4 Let R C P n ^ 1 be a canonical scroll of genus g > 0. R is gener- 
ated by a correspondence between a canonical curve of genus g and a nonspecial 
curve of genus g. They are linearly normal in disjoint spaces that generate 
P n ~ 1 . Let Ox(K) and Ox(b) the invertible sheaves of these curves. Then 
deg(b) > 2 5 - 2. 

Consider the normalized geometrically ruled surface P(Ox © Ox(t)) where 
t ~ /C — b. Let Xq and X\ ~ Xq — tf be the minimal sections. R is the image 
of: 

4> H : v(o x e o x (t)) -^Rc p*- 1 

where H ~ Xq + 0/ ~ Xi + /C/. Moreover, the restriction maps to the sections 
Xq and X\ are the morphisms defined by Ox(K.) and Ox(y) respectively. 

The support of the singular locus is at most Xq U X% . Given the involution 
7 : Cjc — ► X , the branch divisor ft satisfies: f3 ~ 2(6 — K.) and C ~ 2X\. 

C.Segre gives in |1(J a condition over the degree of an special scroll to have 
a special directrix curve. We can see know that the condition over the degree 
is not necessary. 

Theorem 2.5 A linearly normal special scroll R C P N is the projection of a 
canonical scroll. 

Proof: Suppose that R is defined by the ruled surface S and the unisecant 
linear system \H\ on S. We can take a smooth bisecant curve C on S, verifying 
that the linear system H (~l C on C is very ample (for example we can take 
C 6 |2J?|). Therefore, we have a double cover 7 : C — ► X . Let C the image of 
C by the map defined by the linear system \H\ on C . 



By Theorem 1.2 we know that C and R have the same speciality. The curve 
C is not hyperelliptic, because an special divisor over an hyperelliptic curve is 
never very ample. Thus, C is the projection of a canonical curve Ck of genus g 
g, and then the scroll R is the projection of the canonical scroll itV defined by 
7 over Ck- ■ 

Corollary 2.6 A linearly normal special scroll R C P N always has an special 
directrix curve. 

Proof: We saw that a canonical scroll Ri. has a canonical special directrix 
curve. This curve goes to an special curve for any projection of R^.. Now, it is 
sufficient to apply the above theorem. ■ 

Finally, we see how a ruled surface is transformed by projecting from a point 
of a bisecant curve. 
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Proposition 2.7 Let it : S — ► X a ruled surface. Let C C S be a bisecant 
smooth curve and 7 : C — ► X the corresponding double cover. Let d be a 
divisor on C and H an unisecant divisor on S such that "/*Oc(tt) — ft*Os(H), 
or equivalently, Oc(H) = Oc(d-). Then, we have that: 

1. If b is a divisor on X : 

2. If x is a point of C, such that 7(2;) = P: 

-Y.O c (a-x)SiKOs>(S(H)-Pf) 

where v : S' — > S is the elementary transform of S in x. 

3. If x is a point of C, such that 7(2;) = P: 

where v : S' — > S is the elementary transform of S in J*(P) — x. 
Proof: 

1. Let b be a divisor on X. We use the projection formula: 

7»0 c (a + 7*t>) = i*(O c (a) rO x (b)) * ^O c (a) O x (b) = 
S tt^Os(H) O x (b) <* 7r*O s (F + bf) 

2. Let x be a point of C such that j(x) = P. Consider the exact sequence: 

— ♦ o c (a - x) — » o c (a) — ► a — ► 

Applying 7* and because 7?. 1 7 H ,Oc(Cl — a;) = 0, we obtain: 

— > 7*Oc(a - ») — » 7*^c(a) — ► Op — » 

In this way, we see that P (7*0(7(0 — a;)) = 5' is the elementary transform 
of S in the point x. Moreover, if we denote by v the elementary transfor- 
mation, 

7, Oc (a - x) = ^O s ,{v*{H) - Pf) 

3. Let a; be a point of C such that 7(2;) = P. Let y = 7*(P) — x. We have 
that: 

7*e> c (a + x) = 7 *Oc(a + 7*(P) - y) 

But, applying the case 1 of this Proposition: 

7»0 c (a + 7*(P)) S 7r*C>s(ff + P/) 
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and now, by using the above case, if v : S' — ► S the elementary transfor- 
mation of S at the point y, we see that: 

7 *Oc(a + y*(P) - y) = n'*O s >(v*(H + Pf) - Pf) = ^0 3 >{v*(H)) 



3 The elliptic and the hyperelliptic cases. 

Proposition 3.1 Let C be an hyperelliptic curve of genus tt > 2 and 7 : C — ► 
X an involution of genus g > 1 . Then X is elliptic or hyperelliptic. Moreover, 
the g\ of X makes the following diagram commutative: 




where tp is a 2 : 1 morphism and tt\ is the pencil of degree 2 of C . 

Proof: Let fj, : C — ► C the automorphism defined by the involution 7. Because 
C is hyperelliptic, it has a unique -k\- Therefore, there exist an isomorphism 
tp : P 1 — ► P 1 verifying it\ o jjl = ip o t^\. 

cp induces a 2 : 1 morphism Tp : P 1 — > P 1 parameterizing the points related 
by tp, that is, fp~(x) — p{y) <=> f>{x) = y. Then, we have: 




where g\{P) = pi^il 1 (P))) an d it is well defined, because: 

7" 1 (P) = {Q,H(Q)} and tp(irl(Q)) = 7r^(/i(Q)) =*► tp(*l(»(Q))) = ?(4(Q))- 
Thus X has a g\ and is elliptic or hyperelliptic. 

Corollary 3.2 If X is neither elliptic nor hyperelliptic the linear system H < 
Xo + bf is base-point- free and it defines a birational map. 
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Proof: Because \JC\ is very ample, it is sufficient to see that the linear system 
\b\ is base-point-free: 

1. If deg(b) > 2g, the divisor b is always base-point-free. 

2. If deg(b) = 2g — 1 and b has a base point, then b ~ /C + P. Since P(£t.) 
is a canonical ruled surface, 2(b — /C) ~ 2P is linearly equivalent to two 
different points. Then X has a g^i but this is false by hypothesis. 

3. If deg(b) — 2g — 2 and b has a base point, then b — P ~ K, — Q. But 
2(b — K) ~ 2P — 2Q must be linearly equivalent to divisor 0. Then X has 
a $2 ) an d this is false by hypothesis. ■ 



Proposition 3.3 A non-hyperelliptic curve C of genus -k = 3 does not have 
involutions of genus 2. 

Proof: Let 7 : C — ► X an involution of genus 2 of C We know that C G 
1 2Xi I C S with 5 = P(£l.) and b is a nonspecial divisor of degree 2. Thus, if 
b = P + Q then h°(O x (b)) = 1 = h°(O x (b-P)). From this: 

h°(O c (ICc - 1*(P))) = h°(O s (H - P/)) = h°(O s (H)) - 1 = h°(O c (ICc)) - 1 

so the canonical divisor of C is not very ample and C is hyperelliptic. ■ 

Proposition 3.4 Let X be an elliptic curve and S = P(£r.) a canonical ruled 
surface with deg(b) — 2. Let C be a smooth irreducible curve of genus 3. We 
have a double cover 7 : C — ► X with branch divisor B = ai + a-i + 03 + 04. 
TTien C is hyperelliptic if and only if ax + a? ~ 03 + 04 ~ b . 

Proof: Let R = Ai + A2 + A3 + A4 be the ramification divisor such that 
-f(Ai) = ai. We have that fCc ~ 7*/Cx + R 

Suppose that C is hyperelliptic. Then we have that A1+A2 ~ A3+A4 ~ 712. 
Applying 7 we see that ai + 02 ~ 03 + 04 ~ 7*712. Moreover: 

/i°(0 s (# - 7*^/)) = h°(O c (lCc - 7*7*^)) = 1 

h°(O s (H - 7^/)) - h°(Ox(-wh)) + h°(O x (b - 7*7^)) 

and it follows that 7*^2 ~ b. 

On the contrary suppose that a\ + a 2 ~ a 3 + a 3 ~ b. Then 2Ai + 2A 2 ~ 
7* (01 + a 2 ) - 7*b - K c ~ Ai + A 2 + A3 + A 4 . From this A 3 + A 4 ~ Ai + A 2 
and C has a 71-2 . ■ 
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Proposition 3.5 Let S — P^St^) be a canonical ruled surface and C ~ 2X± a 
smooth curve. Then C is hyperelliptic if and only if: 

1. X is elliptic and deg(b) — 1 or deg(b) = 2 and the branch divisor [3 = 
di + a 2 + «3 + «4 verifies a\ + 02 ~ 03 + 04 ~ b. 

2. X is hyperelliptic and h°(O x (b - g\)) = h°(O x (b)) - 1. 
Moreover, C is elliptic if and only if X is elliptic and deg(b) = 0. 



Proof: Let us suppose that C is hyperelliptic. By Proposition 3.1 we know 



that X is elliptic or hyperelliptic and we have that 7* {g\) ~ 2-k\. From this: 

O c (H - g\f) ~ O c (/Cc -2^) 
By Theorem 



2.1 



fc°(0s(# - g\f)) = h°(O c (lCc - 2^)) = ft°(O c (^ c ) - 2 = h°(O s (H)) - 2 

But, 

/i°(O s (ff - 9lf)) = h°(O x (b - g\)) + h\O x {JC - g\)) = 
= h°(O x (b-g 1 2 )) + h°(O x ()Q)-l 

h°(O s (H)) = h°(O x (b)) + h°(O x (1C)) 
and we obtain h°(O x (b - g\)) = h°{O x (b)) - 1. If X is elliptic this happens 



when deg(b) = 1,2. Moreover is deg(b) = 2 the conditions of Proposition 3.3 
holds. 

Conversely, if we suppose that X is hyperelliptic and h°(O x (b — g\)) — 
h°(O x (b)) - 1. We can check that: 

h a (O c (ICc ~ 7*0/2))) = h°(O s (H - g\f)) = h°{O s {H)) - 2 - h°(O c (ICc)) - 2 

Thus, C has a g|. If the genus of C is n > 4 then C is hyperelliptic. Moreover, 
we have seen that a curve of genus 3 with an involution of genus 2 is hyperelliptic 
(Proposition |3.3| ) . 

If X is elliptic and deg(b) = 1 then the genus it of C is 2 and C is hyperel- 



liptic. If deg(b) = 2 we apply Lemma 3.3 



Finally, by Hurwitz's formula, C is elliptic if and only if X is elliptic and 
deg(b) = 0. ■ 

Theorem 3.6 Let S = P(£r.) a canonical ruled surface and C ~ 2Xi a smooth 
curve. Then C is hyperelliptic if and only if: 
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1. X is hyperelliptic and one of the following conditions holds: 

(a) b ~ /C + g\ ■ 

(b) b~K, + P, with 2P ~ g\ . 

(c) b - YT 2 92+ p + Q, with 2P ~ 2Q - g\. 

2. X is elliptic and deg(b) — 1 or deg(b) = 2 and the branch divisor (3 = 
a\ + a2 + as + a4 verifies a\ + 02 ~ 03 + 04 ~ b. 

Moreover, the cases (b),(c) or deg(b) =0,1 are the unique cases where b 
has base-points. 

Proof: Suppose that C is hyperelliptic. We apply Proposition |3^. Let us study 
the hyperelliptic case. If deg{b) > 2g + l then h {O x (b-g\)) = h°(O x (b))-2. 
It remains to check the following cases: 

1. lideg{b) = 2g and h°{O x {b-g\)) = h°(O x (b))-l then b-g\ is special 
of degree 2g — 2, that is, b ~ K, + g\. 

2. If deg(b) = 2. 9 - 1 and h°(O x (b - g\)) = h°(O x (b)) - 1 then b - g\ is 
special of degree 2 5 -3, that is, b-g\ ~ K.-P' => b ~ K+g\-P' ~ /C+P 
with P+P' ~ 92- Since b defines a canonical ruled surface, 2(b — /C) ~ 2P' 
must be linearly equivalent to two different points, so IP' ~ g|- 

3. If efeg(b) = 2 ff - 2 and /i°(£>x(b - .92)) = /i°(£>x(b)) - 1 then b - .9^ has 
speciality 1 and degree 2g — 4, that is, b — g\ ~ K. — P — Q with P + Q </> g\. 
Because 2(b - /C) must be effective, 2P + 2Q ~ 2g\ => 2P ~ 2Q - g\ and 
from this b - ]^~ 2 gl+P + Q. 

Conversely, if X is hyperelliptic and one of the three conditions holds, then 



h°(O x (b - g\)) = h°(O x (bj) - 1 and by Proposition |J the curve C is hyper- 
elliptic. 

Finally, let us suppose b has a base point. Then deg(b) < 2g — 1 and by 



Corollary 3.2, X is elliptic or hyperelliptic. If X is elliptic, a nonspecial divisor 
of degree > has a base point if and only if deg(b) — 0, 1 and b 7^ 0. Suppose 
that X is hyperelliptic. If deg(b) — 2g — 1 then b ~ K, + P and we are in the 
case (b). If deg(b) = 2g - 2 then b-P~/C-Q^b~/C + P-Q. Since 
2(6 - £) - 0, 2P - 2Q ~ g\ and b - /C + P - Q - £?~ 2 32 + p + Q ( case ( c ))- 



Corollary 3.7 Let S = P(£<l) a canonical ruled surface and H ~ Xo + b/. 
TTie linear system H defines a canonical scroll except when: 
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1. X is hyperelliptic and one of the following conditions holds: 

(a) b ~ /C + g\ ■ 

(b) b~K, + P, with 2P ~ g\ . 

(c) b - YT 2 92+ p + Q, with 2P ~ 2Q - g\. 

2. X is elliptic and deg(b) = 0, 1, 2. 



Corollary 3.8 The unique possible involutions of an hyperelliptic curve of ge- 

2 ' 2 ' 2 



nus it are of genus ^-^- , f , or ^i^ . 



Corollary 3.9 IfP(S^) is a canonical ruled surface and H ~ Xo + b/ defines 
a canonical scroll then \H\ is base-point-free and it defines a birational map. 



Proof: If X is nonhypcrclliptic it is Corollary 3.2 



If X elliptic or hyperelliptic and b defines a canonical scroll. We saw at 
Proposition |J that h°(O x (b - g\)) = h°(O x (b)) - 2. \K\ and \(3\ are base- 
point-free. Moreover, |/C — P\ and \b — P\ don't have common base points for 
all P E X. From this \H \ is base-point-free and it defines a birational map. ■ 

We finish this section by studying the map defined by the linear system | b 
when X is hyperelliptic. 

Proposition 3.10 Let b be a nonspecial divisor of degree b over an hyperelliptic 
curve X of genus g, withg > 2 andb > 2g—2. Suppose that b defines a canonical 
scroll. Let 0f_ : X — > p b ~s be the map defined by the linear system, \b\. We 
have: 

1. <j)t. is birational except when g = 2 and b = 3 or g = 3 and 6 = 4. 

2. 0J. is an isomorphism (b is very ample) except when: 

(a) b = 2g and 

i. g = 2, 3 and b - K+ Pi + P 2 , or 

ii. g > 3 and b ~ K + P\ + Pi , with P\ , P 2 ramification points of 
the g\. 

(b) b = 2<7 — 1 and 

i. g = 2, 3 7 or 
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ii. g > 3 and b ~ Xa _ d\ + Pi + -P2 + P3, wi£/i Pi, P2, P3 ramifi- 
cation points of the g\. (f>^ has a triple point which is its unique 
singular point. 

(c) b = 2g — 2 and 

i. g = 3, or 
ii. <? > 3 and b - £?~ 3 ^ + Pi + P 2 + P 3 + Pa, with Pi, P 2 , P 3 , P 4 

ramification points of the g\. fa^ ftas a quadruple point which is 
its unique singular point. 

Proof: By Riemann-Roch Theorem we know that b is very ample when b > 
2.9 + 1- 

Moreover, fa^ fails to be an isomorphism iif there are two points Pi, P2 
satisfying b — Pi — P2 is an special divisor with speciality 1. 

lib = 2g then deg(b -P1-P2) =2g-2. From this, if b - Pi - P 2 is special, 
b ~ K. + Pi + P2 ■ Because b defines a canonical ruled surface Pi + P 2 7^ g\ and 
2b + 2KL is linearly equivalent to four different points. If g = 2,3 this always 
happens. If g > 3 the unique g\ or g| are composed of g\. Since Pi + P 2 7^ g\, 
necessary 2Pi ~ 2P 2 ~ g\. 

\ib = 2g-\ then deg(b - Pi - P 2 ) = 2 5 - 3. Now, if b - Pi - P 2 is special, 
b ~ /C + Pi + P 2 — P3 . Because b defines a canonical ruled surface Pi + P 2 7^ g\ 
and 2b + 2/C is linearly equivalent to two different points. If g = 2, fa is a 
3 : 1 morphism over a line. If g = 3, fa^ projects X into a plane curve of degree 

5 and genus 3 so it has a triple singular point. If g > 3 the unique g\ or g\ 
are composed of g\ . Since Pi + P 2 7^ g\ , necessary 2Pi ~ 2P 2 ~ 2P 3 ~ ^ > so 
b - /C + Pi + P 2 - P 3 ~ YJC 2 .92 + Pi + P2 + P3 and fa has a triple point which 
is its unique singular point. 

If b = 2g - 2 then deg(b - Pi - P 2 ) = 2.o - 4. If b - Pi - P 2 is special with 
speciality 1, b ~ K, + Pi + P 2 — P3 — P4 with P 3 + P4 7^ g 2 . Because b defines a 
canonical ruled surface Pi + P 2 7^ g\ and 2b — 2K, is linearly equivalent to O.In 
this case g 7^ 2 because a nonspecial divisor of degree 2 over a curve of genus X 
has base points. If 5 = 3, then fa is a 4 : 1 morphism over a line. If g > 3 the 
unique 5] or g| are composed of g\ . Since Pi + P 2 7^ g 2 , necessary 2Pi ~ 2P 2 ~ 
2P 3 ~ 2P 4 ~ g 2 \ so b - /C + Pi + P 2 - P 3 - P 4 - E?~ 3 52 1 + Pi + P2 + P 3 + P 4 
and fa^ has a quadruple point which is its unique singular point. ■ 
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4 The existence theorem. 

Given a smooth curve X of genus g, let us study the divisors b defining a 
canonical ruled surface. We see that P(£u) is a canonical ruled surface if and 
only if 2(b — /C) is a smooth divisor, that is, if P is a base point of 2(b — /C), 
P is not a base point of 2(b — K.) — P. In particular 2(b — fC) is an effective 
divisor. 

Remark 4.1 Note that a necessary condition for b to define a canonical ruled 
surface is that the divisor 2(b — /C) must be an effective divisor. 

Let a = 2 b — 2/C and a = deg(o). If a > g this divisor is always an effective 
divisor. 

If a < g, the generic divisor of degree a is not an effective divisor. In this case, 
we will see that the generic divisor b does not define a canonical geometrically 
ruled surface. Moreover, if b < 3g — 4 the points of CI are contained in a 
hypcrplane section of X^. If a < g this inequality holds, so we have b ~ + C, 
where C is an effective divisor. Now, we see that: 

a-2b-2/C^b-2/C + o-b-2/C-c 

and 

2/C - 2C ~ 2/C - (2/C - b) ~ 2(b - /C) is effective by hypothesis 

We conclude that the hyperplane sections of X^ are the residual points of the 
system of quadrics sections of the canonical curve of genus g passing through a 
divisor C, such that C are a set of contact points of a quadric with the canonical 
curve. 

Since h°(O x (2JC)) = 3(0-1), if 2dcg(c) > 3(0-1) the number of conditions 
imposed by 2c is greater than the dimension of the linear system |2/C|, so the 
points of C cannot be generic. This happens when 2deg(b) < 5(g — 1), so in 
this range we hope that the generic divisor b docs not define a canonical ruled 
surface. ■ 



Proposition 4.2 Let X a be the family of effective divisors of degree a and 
U a = {CI G X a /\d\ is smooth} which is an open subset of X a . Then: 

1. If a > 2g — 1 then U a = X a and any divisor is base-point- free and non- 
special. 

2. If g + 1 < a < 2g — 2 then U a ^ and the generic divisor of U a is 
base-point-free and nonspecial. 
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<?■ If < a < g then U a ^ and the generic divisor (X of U a is formed by 
different points and it has speciality ft, 1 (a) = g — a. ■ 

Proof: From the semicontinuity of the cohomology and the Riemann-Roch 
Theorem we see that: 

1. If deg(ci) > 2<7, the divisor a is always base-point- free, so it is smooth. 

If deg(a) = 2g — 1, the divisor a has a base point Po iff a ~ /C + Pq. But, 
in this case CI — Po ~ £ is base-point-free, and CI is smooth. 

2. If g+ 1 < deg(a) < 2g — 2, the generic effective divisor a is base-point-free 
and, in particular, it is smooth and nonspecial. 

3. If < deg(a) < g, the generic effective divisor is formed by different points, 
so it is smooth and it has the expected speciality h}{Ox{ti)) = g — deg(a). 
If deg(a) = 1 then any effective divisor a is smooth. ■ 



Given a nonspecial divisor b, we will apply the results 2.3, |4.2j to study 
when it defines a canonical ruled surface. We will denote by Ox(b) the in- 
vertible sheaves of Pic (X), where b is a divisor of degree b. Although we will 
characterize the invertible sheaf Ox(b), the condition is given over the divisor 
2 b so we will use the following lemma: 

Lemma 4.3 Let X be a smooth curve of genus g and b > 0. Consider the map: 

ip b : Pic b (X) > Pic 2b (X) 

C h- C 2 

Then (p b is a surjection with finite fibre (nontrivial when g > 0). 

Proof: Given two invertible sheaves C, C £ Pic 6 (X), ip b (C) = f b {L') iff (/T 1 <g> 
C 1 ) 2 = Ox, that is, the fibre of ip b is isomorphic to the kernel of f°. But 
ker(t/?°) = H^ t (X, Z 2 ) which is a finite group (but nontrivial if g > 0). ■ 

Let a = 26 — 2(g — 2). Consider the following incidence variety and its 
projections: 



J = {(O x (b), a) e Pic 6 (X) x x a /2b - 2/c ~ a} 



and 

Jo = {(Cx(b), a) g Pic b (X) x f/ a /2b - 2/C - a} c J 
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J is a closed variety because it is denned by a closed condition. Jo is an open 
set of J. The invertible sheaves of Pic (X) that define a canonical ruled surface 
are p(Jo), except when b = 2g — 2. In this case, we have to discard the canonical 
divisor; that is, the invertible sheaves defining a canonical ruled surface are 
p(Jo) — {Ox{IC)}. Because the projection maps are open and closed maps, we 
note that p(Jo) is an open subset of p( J) and p(J) is a closed subset of Pic (X). 



q is a surjection, because given (X £ X a , by Lemma 4.3 we know that there 
is a divisor b <E X b such that 2b ~ 2/C + O. 

Moreover, given a £ X a , the generic fibre is 

g _1 (a) = {O x (b) 6 Pic b (X)/2b - 2/C + a} 



By Lemma 4.3 we know that there are at most a finite number of invertible 



sheaves verifying this condition, so q has finite fibre. 



Thus, dim(J) = a and by applying Proposition 4.2, we know that Jo is 
a nonempty open subset of J, dim(Jo) = dim(J) = a and dim(p(Jo)) = 
dim(p(J)) = a - dim(p- 1 (Ox(b))). 

Let us see which is the generic fibre of the map p. Let Ox{b) £ p(J) be 
a generic invertible sheaf on the image. Then 2b — 2/C is an effective divisor. 
Therefore: 

p-\O x (b)) = {oe X a /a - 2b - 2/C} = \a\ 

We distinguish some cases: 

1. If a > 2g — 1, the generic divisor a £ X a is nonspecial and U a — X a . 
Thus, dim(p( J )) = dim(p( J)) = a - (a - g) = g and p(J ) = Pic 6 (X). 

2. If g < a < 2g — 2, the generic divisor a of X a is nonspecial; dim(p( Jo)) = 
dim(p(J)) = g, where p( Jo) is an open subset of Pic^X). 

3. Ifl<a<<7— 1, the generic divisor a of X a has speciality g — a. Thus, 
dim(p(Jo)) = dim(p(J)) = a, where p( J) is a closed subset of codimension 
g~ a in Pic b (X) andp(Jo) is an open subset oip(J). In this case the generic 
invertible sheaf of Pic (X) does not define a canonical ruled surface. 

4. If a = then X a = U a has a unique divisor 0. Thus J = Jo = p( Jo) = 
p(J) is a set of dimension (codimension g). In this case an invertible 
sheaf O x{b ) of Pic (X) defines a canonical ruled surface iff 2b ~ 2/C. By 



Lemma L3 they are a finite (nontrivial) number. 



So, we conclude: 



Theorem 4.4 Let X be a smooth nonhyperelliptic curve of genus g > 1. Let 
Pic (X) 6e tfte family of invertible sheaves Ox(b) of degree b > 2g — 2. Then: 
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1. If b > 3(<7 — 1) + 1, any invertible sheaf of degree b defines a canonical 
ruled surface. 

2. If (5(g — 1) + l)/2 < b < 3(<7 — 1), the generic invertible sheaf of degree b 
defines a canonical ruled surface. 

3. If 2(g — 1) < b < 5(g — l)/2, the generic invertible sheaf of degree b does 
not define a canonical ruled surface, but there is a family of codimension 
5(g — 1) + 1 — 26 of invertible sheaves of degree b such that the generic 
element defines a canonical ruled surface. ■ 



5 Projective normality of the canonical scroll. 

In this section we will study the projective normality of the canonical scroll. Let 
us first remember some definitions and results about normality of curves and 
decomposable ruled surfaces: 

Definition 5.1 Let V be a projective variety. Let Ti,i = l,...,s, coherent 
sheaves on V . We call s(!Fi, . . . ,J- S ) the cokernel of the map: 

H ^) . . . H"(T S ) — ► H°{Ti . . . T B ) 

If Ti are invertible sheaves Oy(L)i) where Di are divisors on V, we will write 
s(D 1 ,...,D s ). 



Lemma 5.2 If s (^1,^2) = 0, then: 

s(fi,f2, ^3> • • • . Fs) = s (Fi T2, ?3, ■ ■ ■ , Fs) 

Proof: It sufficient note that s{T\, T2, F3, ■ ■ ■ ,J~ S ) is the cokernel of the com- 
position: 

H a {Tx) ... H°(f s ) — » H°(Ti T2) H°(T 3 ) ... H°(T S ) — » 
-^ F ^ . . . jT s ) 



Definition 5.3 Let V be a projective variety and let \H\ be a complete unisecant 
base-point-free linear system defining a birational map: 

4> H : V — ► V C P N 
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We say that (V, H ) is projectively normal or Ov(H) normally generated or V 
projectively normal if and only if the natural maps: 

Sym k (H°(O v (H))) — > H°(O v (kH)) 

are surjective for all k > 1 . 



Remark 5.4 Because H (O P N(k)) = Sim k {H {O P «(l))) and H°(O p n(1)) 
H°(Oy(H)), the following diagram is commutative: 

Sim k (H°(O v (H))) 

a 2 

*H°{I VpN {k)) - H°(Oj>N(k)) H°(O v (kH)) 

Since «i is surjective, coker(ck2) = coker(a3). Thus, (V,H) is projectively 
normal if and only if s(H, .**., H) — 0, for all fc > 2. 

Moreover, we have the following formula to compute the hypersurfaces of 
degree k containing V: 

h (I VpN (k))^h {O P N(k))-h {O v {kH)) + dim(s{H,. l y.,H)) 

We will say that dim(s(H, .^.,iJ)) is the speciality ofV respect to hypersurfaces 
of degree k. 

If the linear system H is very ample, V and V are isomorphic and 
H 1 (I VpN (k))*s(H,.>?.,H) 



Lemma 5.5 (Green) Let CL,b be effective divisors on X . Let b be base-point- 
free. Ifh^Oxia-b)) < h°(O x {b)) - 2 then s(0, b) = 0. 

Proof: Is a particular case of 7J°-Lemma, ]4j . ■ 

Lemma 5.6 Let bi,b 2 be divisors on X . Let a = a\ + . . . + a^ an effective 
divisor such that 

l. h (O x (b 1 -a)) = h°(O x (b 1 ))-d, 
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2. h°(O x (b2 - en)) = h°(Ox{b2)) -l,fori=l,...,d. 

3. s(bi-a,b 2 ) = 0. 

Then, s(bi,b 2 ) = 0. 

Proof See §. ■ 

Lemma 5.7 Let X be a smooth curve, C an invertible sheaf on X and T a 
torsion-free Ox — module. Let s± and S2 be linearly independent sections of C 
and denote by V the subspace of H°(X,C) they generate. Then the kernel of 
the cup-product map: 

V g> H°(X, T) — > H°(X, T®C) 

is isomorphic to H°(X,T (g> C~ 1 (B)) where B is the base locus of the pencil 
spanned by s\ and S2 

Proof: Sec [Q, page 126, Base-point-free Pencil Trick. ■ 

Corollary 5.8 Let X be a smooth curve. Let d be a nonspecial divisor such 
that \a\ is a base-point- free pencil. Then s(<X,]C) = 0. 

Proof: Consider the map: 

ker(a) — * H a (O x (a)) ® H Q (O x (IC)) — » H Q (O x (lC + a)) 

By applying Lemma ^j\to £ = Ox(CL), V = H°(X,C) and T = O x (JC), we 
obtain that ker(a) = h°(O x (IC - a)) = h l (Ox{&)) = 0. Moreover, 

dim(H°(O x (a)) <8>H°(O x (K;))) = 2h (O x (K.)) = 2g 

and 

h°{O x (1C + a)) = a + 2g-2-g + l = 2g 

Then we see that a is surjective (in fact, an isomorphism) and the result follows. 



Lemma 5.9 Let X be a smooth curve of genus g. Let K, be the canonical divisor 
and let b a base-point-free nonspecial divisor of degree b > 2g — 2 defining a 
birational morphism. Then s(b,/C) = 0. 

Proof: Let (J = a\ + . . . + a/,_ g _i be a generic effective divisor of degree b — g — 1, 
such that \b — d\ is a nonspecial base-point-free linear system. We always can 
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obtain this divisor when b defines a birational map, by applying the general 
position theorem. 

We will apply Lemma p.q : 

h°(O x (b - a)) = deg(b -a)-g + l = h°(O x (b)) - deg(a) 
h°{O x {IC - Oi)) = h°(O x (JC)) - 1 because K is base-point-free 



Thus, we only have to prove that s(/C, b — a) = 0. But this is Corollary 5.S 



Lemma 5.10 Let S = P(£o) be a decomposable ruled surface over a smooth 
curve X , with £q = Ox © Ox(t). Let \H\ = \Xq + bf\ be a linear system on 
P(S ). Then: 

a{H,.H.,B) = s(b,.*.,b) © s(b + e,b, k -l,b) © ••■ 

© s(b + e, .*\,b + e) 

Proof: We know that s(H, .*., H) is the cokernel of the map: 

H°(O s (H)) © • • • © H°(O s (H)) — > H°(O s (kH)) 

k 

Because P(£o) is decomposable, we have the natural isomorphisms: 
H°(O s (H)) 2 H°(O x (b)) © H°(0x(b + e)) 

H°(O s (kH)) = 0to ff°(OA-(fcb + *e)) 

We see that a factorizes through the maps on: 

H°(O x (b)) © ... © H°(Ox(b)) ®H°(O x (b + e)) © . . . © H°(O x (b + e)) 

V v ' y v ' 

k — i 



H°(O x (kb + ic)) 
In this way, coker(a) = coker(ai) © ... © coker{pc^) . 
We will proof the following theorem: 

Theorem 5.11 Let 5V = P(£t.) be a canonical ruled surface, such that H 
Xq + bf defines a canonical scroll. Them, 
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1. s(H,H) 2 s{K,lC) © s(b,b). 

2. s(H,.™.,H) S* s(AC, ™.,/C)©s(b,.™, b) for allm>3, except when g = 3 
cmd b = 4 or g — 2 and b = 3. 

Proof: We red uce t he proof to check that s(b, AC) = 0, and then we prove this 
fact in Lemma |5.12|. 



1. If k = 2, by Lemma |5.10| we know that 

s(H, H) = s()C, K) © s(/C, b) © «(b, b) 
so from Lemma |5.12| the result follows. 

2. If k > 2, by Lemma |5.10| , we have to proof that 

s(b,...,b,K.,...,IQ = 



for any i, 1 < i < m — 1. 

Let us see that s(b, AC + /xb) = 0, when fi > 0. If ^t = 0, it is Lemma 5.12 
If fi > we apply Lemma dJ5j 



fc 1 (O x (fc + M&-&)) <1 <^°(Ox(b))-2when6- 5 >2. 

Because we have supposed that b defines a canonical scroll, the condition 
b — g > 2 holds except when g = 2 and 6 = 3 or g = 3 and b = 4. 



Applying Lemma 5.2 we deduce that: 



s 



(b, . . . , b, AC, . . . , AC) = s(ib + AC, AC, . . . , K) 



when 1 < i < m — 2 and 

s(b,...,b,JC) =s(b,(m-2)b+AC) =0 



Now, le t us see that s(AC, AAC + /ib) = 0, when A > and \i > 1. We apply 
Lemma O, with bi = AAC + fib, b 2 = AC and = AAC + (fi - l)b: 



h°(O x (\)C + nb)) = h°(O x (b)) + deg(AAC + (/i - l)b) 
h°(O x (IC - x)) = h°(O x (IC)) - 1 for all x G AAC + (// - l)b 
s(b,AC)=0 



2(i 



Applying Lemma 5.2, we obtain 

s{ib +K,JC,...,K,) = s(ib + (m-i- 2)/C, K.) = 



when 1 < i < m — 2. 



Lemma 5.12 Let X be a smooth curve of genus g. Let K, be the canonical 
divisor and let b a divisor of degree b > 2g — 2 defining a canonical scroll. Then 
s(b,/C) = 0. 

Proof: Lf X is elliptic, K, ~ so it is clear that s(b, /C) = 0. Now, we distinguish 
the hyperelliptic and the nonhypcrelliptic cases: 

Case L: X is hyperelliptic: 



Lf \b\ defines a birational map it is sufficient to apply Lemma 5.9 



By Proposition 3.LC \b\ does not define a birational map when g = 2 and 
b = 3 or g = 3 and b = 4. But in these cases \b\ is a base-point-free pencil, so 
we can apply the Corollary 5.8. ■ 



Case 2: X is nonhyperelliptic: 



We can apply Lemma 5.9 when \b\ defines a birational map. But in this case 
if deg(b) = 2g — 2 \b\ could not verify this condition. 

Thus, we will use a different strategy, which will be valid for any divisor b 
defining a canonical scroll over a nonhyperelliptic curve. We will prove that the 
following map is a surjection: 

H°(Os b (H - Xi)) ® H°(Os b (H)) -^ H°(Os b (2H - Xi)) 

It holds that 

H"(Os b (H - Xi))) = H°(Os b (/C/)) - H°(O x (IC)) 

H°(Os b (H))) = H°(O x (b)) © H°(O x (IC)) 

H°(Os b (2H - X,))) = H°(Ox(b + K)) © H°(O x (2IC)) 

so «o is a surjection when s(b, K) = and s(IC, 1C) = 0. 
We have the following commutative diagram: 
H°(Os b (H~X 1 ))^H"(Os b (H)) 



«o 



H^Os^H^X,)) 




H°(L 



pb — g pN 



(2)) 
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where P^ = P(H°(Os, (H )) v ). Since a\ is a surjection, we only have to proof 
that a 2 is a surjection. Consider the following exact sequence: 

— OsA-C) — S — C — 

taking the tensor product with O5 (2i7 — X{) and applying cohomology we 
obtain: 

— i/°(Os b (2H-C- X,)) — » J tf°(Os b (2ff - Xx)) — 
— » H°(O c (2H - X t )) — > ff 1 ^ (2H-C- X x )) 

but 211-C-Xx is a (-l)-secant divisor, that is, O s {2H-C-Xi) x = O p i (-1), 

for all a; G X. Because H % (O p i{— 1)) = for any i > 0, by the Theorem of 
Grauert, we deduce that H l (Os u (2H — C — X\)) = for any i > 0. Moreover 

C c (2iJ - Xi) S 0c(2/C - R), so we see that: 

H°(Os b (2H - Xi)) = H°{Oc{2K - R)) 

In this way to see that ai is a surjection it is sufficient to check that the following 
map is a surjection: 

H°(I pb - 9iPN (2)) -22» H°(O c (2IC - R) 

Now, consider the following commutative map: 

03 



H (Ipg-l uC pN(2)) +- 



F (7 C;PN (2)) 



_TZ ylpb-g pNyljj 



H°(O p n(2)) 



H°(O c (2H-K)) 



H°(O c (2H)) 



a 



H°(I RtPb - e (2)) 



H°(O pb - e (2)) H°(O n (2)) 

If we prove that a is a surjection then 0:3 is a surjective map. We will see this 
in the following Lemma: 

Lemma 5.13 If X is neither elliptic nor hyper elliptic, then the map: 
H°(I Ck (2)) -Z+ H°(I n>P ,,- 9 (2)) 

is surjective. 



28 



Proof: Wc know that C K e (2X + R/, 2Xi). 

Let Qi be a quadric of ~P b ~~ 9 containing the ramification points R: 

1. If X\ C Qi, we can take the quadric cone over Qx of vertex P ff_1 , Q = 
(P 9 ^ 1 , Q\). This cone contains the scroll R, so it contains Cjc- Moreover, 
QnP fc -9 = Qi eoa(Q) = Qi. 

2. If 37 £ Qi, R C Qx then XT n Qx = C + R where £~ 2/C. Let _C^_be 

the set of points corresponding to the divisor C over Xq. Because Xq is 
not hyperelliptic, it is projectively normal and we can take a quadric Qo 
meeting Xq at c'. 

Let us take the cones over Qo and Qx, and with vertex P b ~ 9 and P 9_1 
respectively: 

Cone = (P 9 -\Qi) 

Cone 1 = (P b - 9 ,Q ) 

Consider the pencil of quadrics generated by them. Note that any quadric 
in this pencil contains the quadric Qx- Let us study the trace of this pencil 
on the canonical ruled surface: 

{Cone , Conex } — > H° (Os, (2) ) 
Cone ^ 2Xi + C/ 
Conex (-> 2X + R/ + C/ 

Since Ck; G (2Xo + R/, 2Xi), the there exists a quadric Q in the pencil 
containing Cjc and such that Q (1 P b ~ 9 = Qx, Therefore a(Q) = Qx- ■ 



Remark 5.14 Let us see that in the cases g = 2, 6 = 3 and <? = 3, b = 4 the 
Theorem is not true. Since s(b,fC) = 0, we have that s(/C, b, b) = s(b + /C, b). 
Furthermore, /i°(Ox(b)) = 2, so we can compute dim(s(b + K.,b)) by using 



" Base- Point- Free Pencil Trick" (Lemma 5.7): 

dim(s(b + K.,b)) = h {OxC2b + lC))-2h a (Ox{b + lC)) + h {Ox(b + lC-b)) = 1 

Then we have: 

dim(s{H, H, H)) = dim{s{K, K, K)) + dim(s(b, b, b)) + 1 



Theorem 5.11 relates the projective normality of the canonical scroll to the 
projective normality of the directrix curves Xq and Xx- If a pair (X,b) is 
projectively normal and b is ample, then the linear system must be very ample 
(see Q). Then let us see when the divisor b defining a canonical scroll is very 
ample. 
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Proposition 5.15 Let b be a nonspecial divisor of degree b > 2g — 2 over a 
nonhyperelliptic smooth curve X of genus g > 5 such that P(£u) is a canonical 
scroll. Then, 

1- If b > 2g + I, \b\ is very ample. 

2. Ifb — 2g and g > 3, the generic divisor defining a canonical scroll is very 
ample. 

3. Ifb = 2g — 1 and g > 5, the generic divisor defining a canonical scroll is 
very ample. 

4- If Cliff (X) > 3, \b\ is very ample. 

Furthermore, if X is a generic nonhyperelliptic smooth curve of genus g > 6, 
any divisor b defining a canonical ruled surface is very ample. 

Proof: If b > 2g + 1 any divisor of degree b is very ample by Riemann-Roch 
Theorem. 

Let b be a divisor of degree b = 2g. Suppose that \b\ is not very ample. 
Then the divisor b must be b ~ K, + P + Q. Since b defines a canonical ruled 
surface, 2P + 2Q ~ 2b — 2/C must be four different points; that is, 2P + 2Q ~ 
Pi+ P2+P3 + Pa- So there is a g\. 

Let b be a divisor of degree b = 2g — 1. If | b | is not very ample, b — P — Q ~ 
fC-T and 2b-2K - 2P + 2Q-2T. Since 2b-2/C must be two different points, 
2P + 2Q ~2T + Pi+ P 2 , so there is a g\. 

Finally, let b be a divisor of degree b = 2g — 2. If \b\ is not very ample, 
b - P - Q ~ K. - T - S and 2b - 2/C ~ 2P + 2Q - 2T - 25. Since 2b - 2/C 
must be the divisor 0, 2P + 2Q ~ 2T + 25 and we deduce that there is a g\. 

Note that a divisor b which is not very ample is built from K, by using the 
ramification points of a g\. Then there are a finite number of non very ample 
divisors b defining a canonical scroll, for each g\ of X. 

From this, if the curve X is a generic curve of genus g > 6 or Cliff (X) > 3 
then X have not & g\, so any divisor b defining a canonical ruled surface is very 
ample. 

Suppose that g > 5, by Martens Theorem (Q, IV, §5), every component 
of W4 has dimension at most equal to 1. Therefore, there is at most a one- 



dimension family of g\. If b = 2g (resp. b = 2g — 1), by Theorem 4.4, the family 
of divisors b defining a canonical ruled surface has dimension 4 (resp. 2), so the 
generic divisor is very ample. 

Finally, if g = 3 (resp. g = 4) and 6 = 2g, there is a 3-dimensional (resp. 
4-dimensional) family of divisors defining a canonical scroll. Moreover, there is 
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at most a 2-dimensional family of divisors which are not very ample. Therefore, 
the generic divisor defining a canonical scroll is very ample. ■ 

Theorem 5.16 Let X be a smooth curve of genus g. LetP(£^) be the canonical 
geometrically ruled surface and let Rt. be the corresponding canonical scroll. 
Then: 

1. If X is not hyperelliptic, then: 

(a) //deg(b) > 2g + 1, R^ is projectively normal. 

(b) If deg(b) = 2g, g > 3, b is generic then R^ is projectively normal. 

(c) //deg(b) = 2g — 1, g > 5 and b is generic, X is not trigonal and X 
is not of genus 6 then Rl. is projectively normal. 

(d) If Cliff (X) > 3 then Rl. is projectively normal. 
Furthermore, if X is generic and g > 6, Rl. is projectively normal. 

2. If X is hyperelliptic, Rl. is not projectively normal. 

3. If X is elliptic, Rl. is projectively normal. 



Proof: We apply Theorem 5.11 



1. Suppose that X is not hyperelliptic. 

Because X$ is projectively normal, it is sufficient to check that X\ is 
projectively normal. 

We can suppose that | b | is very ample in the mentioned cases by Proposi- 



tion 5.15. Our claim follows from Theorem 1 in H and its Corollaries 1.4 



and 1.6. 

2. If X is hyperelliptic. Since Xq is not projectively normal, i?r_ is not 
projectively normal. 

3. If X is elliptic, deg(b) > 3, so Xq, X\ and Rt. are projectively normal. ■ 
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